In this work, a simulation tool for proton exchange membrane fuel cells (PEMFC) has been developed, based on a distributed parameter model.
Introduction
The proton exchange membrane fuel cells (PEMFC) technology has been incorporated to a wide range of portable, stationary and automotive applications in recent years [1] . However, despite current developments, PEMFC are still not accepted as a practical power generator. The key challenge is to reduce the cost and achieve a high performance and long life of the cells.
Along-the-channel variations of important variables such as concentrations of hydrogen, oxygen and water, as well as temperature, have significant effects on the performance and durability of PEMFC. All these variables exhibit spatial dependence in the direction of the channels of the anode and cathode and, therefore, it is necessary to introduce partial differential equations (PDE) to accurately model such variations.
Distributed parameter first principles modeling allows, indeed, the detailed study of the fundamental phenomena that occur within a PEMFC.
Bernardi and Verbrugge [2] and Springer et al. [3] developed pioneering distributed parameter models. These models, both one-dimensional, analyzed species transport, water addition and removal, cathode flooding and the effect of gas humidification. Later, Rowe and Li [4] developed a one-dimensional, non-isothermal model of a PEM fuel cell, incorporating water and temperature distribution to investigate the operating conditions effects on the cell performance, thermal response and water management.
Methekar [5] developed a two-dimensional, along-the-channel, distributed parameter model to perform dynamic analysis and design linear control strategies for PEMFC. A detailed two-dimensional simulation model was presented by Mangold et al. [6] for control purposes. Um et al. [7] developed a 2D model to simulate proton exchange membrane fuel cells. The model accounts simultaneously for electrochemical kinetics, current distribution, hydrodynamics, and multicomponent transport. A single set of conservation equations valid for flow channels, gas diffusion electrodes, catalyst layers, and the membrane region are presented. Kulikovsky [8] published a semianalytical model of PEMFC, which takes into account oxygen and water transport across the cell and along the channel. The two-dimensional models can be divided into two categories. One group of models describes the plane perpendicular to the flow channels, while the other group of models describes the direction across the fuel cell and the direction along the flow channel. Each group has its advantages and drawbacks. In the first group of models, the effect of flow channel dimension and configuration can be studied, however, changes in the temperature and reactants fraction cannot be accounted for. The second group of models can predict the temperature and concentration profiles along the direction of the flow channel, but cannot simulate the effect of flow channel and rib size.
Three-dimensional models have been developed by various research groups [3, 9] . Schumacher et al. [10] presented a 2D + 1D to take the in-plane and the through-plane dimensions of fuel cells into account. The anode and cathode are included as 2D domains, and a nonlinear 1D model represents the membrane electrode assembly (MEA). Tao [11] developed an important three-dimensional, two-phase, non-isothermal unit cell model in order to perform parameter sensitivity examination. Um and Wang [12] developed a computational fuel cell dynamics (CFCD) model to study three-dimensional (3D) interactions between mass transport and electrochemical kinetics in PEMFC.
In addition to different geometrical assumptions, important multiscale modeling approaches have been published [13, 14, 15] . Multiscale models allow the study of system behavior at different levels (from smaller to larger scales).
On each level, particular approaches are used for description of the system. Following levels are usually distinguished: quantum mechanical models (information about electrons is included), level of molecular dynamics models (information about individual atoms is included), mesoscale or nano level (information about groups of atoms and molecules is included), level of continuum models, level of device models, among others.
Moreover, there are various simulation tools for PEMFC [16] , but very few are flexible enough to manipulate the underlying model equations. This work is focused on the development of a simulation tool for two intended purposes: (1) the analysis of variables with important spatial variations along the channel, and (2) the application of model order reduction techniques to design distributed parameter model-based controllers, aimed at the control of these spatial variations [17] .
In this work, the implemented tool is based on a distributed parameter model (1 + 1D) to be used in model-based controllers. This type of 2D models facilitates the detailed study of along-the-channel spatial variations of important variables regarding performance and durability of PEMFC, as well as a simplified analysis of variables in the direction across the MEA (important for water transport studies), by approximating spatial gradients. Therefore, the emphasis on channel direction profiles makes the model suitable for control design that takes into account spatial profiles, and simple enough (not being a 1D model) to apply model order reduction techniques that are very complex. These features make the model an appropriate choice over the wide range of geometrical assumptions, such as 2D, 2D+1D, 3D
(previously mentioned and referenced).
The paper is organized as follows. Section 2 shows the structure of the modeled system. Section 3 describes the model equations. Section 4 covers the tasks of simulation tool development (discretization and implementation).
Section 5 presents simulation results and Section 6 concludes on the work developed.
Description of the system
This work considers a single cell of one channel ( The parameters of the membrane are taken from [18, 19] .
Distributed parameter model
The model equations are based on the work by Mangold et al. [6] . This is not only a recent model, but it is also one of the most detailed set of PEMFC equations in the open literature. The model is 1+1D with approximation of gradients by a fixed number of points in y-direction and partial differential equations (PDE) along the channel (z-direction) (Fig. 1) .
Physical phenomena occurring within the gas channels is represented by the solution of conservative equations for mass, momentum and energy. The principle of mass conservation is used to model reactant concentrations. A pressure drop relation, derived from simplified Navier-Stokes equations, allows the calculation of the flow velocity. The ideal gas law is used to calculate Stefan-Maxwell diffusion equations for a multicomponent gas are used to define the mole fraction gradient in the gas diffusion layers (GDL). The reaction rates are modeled by Butler-Volmer equations and Faraday's law. Membrane behavior is described by the calculation of membrane water content, water concentration, drag coefficient, net water flux and protonic conductivity. The gas diffusion layers (GDL), catalyst layers (CL) and membrane are considered to be at the same temperature level. These PEMFC components form the solid part (SP).
Liquid water formation is not considered. The model validity is restricted to one-phase conditions, where condensation in gas channel and gas diffusion layers is negligible. Considering liquid water formation is a future objective but, in this moment, using the simulation tool for control purposes by means of model order reduction techniques is a priority.
An energy balance for the solid part, similar to the energy balances of the gas channels (GC), is used to calculate the solid part temperature. Current transport is described by governing equations for conservation of charge and the cell potential is calculated by the polarization curve equation. In this relation, activation polarization losses, ohmic losses and concentration losses are considered. The combination of these laws results in a set of PDE and algebraic constraints.
In this work, important effort on presenting membrane model details and calculations has been made. In addition, the entire spatial discretization process of equations describing PEMFC phenomena is presented. Moreover, a widely used software (Matlab R ) was selected to develop the simulation tool.
Finally, interesting and different results are presented: along-the-channel behavior and time evolution of variables at specific channel points. Actually, there is special emphasis on spatial and temporal variance analysis, given its importance for performance and durability of PEMFC.
Model implementation
The set of PDE and algebraic constraints was discretized spatially along the channel using finite differences [20] . As a result, a set of differential algebraic equations (DAE) was obtained [21] . This new set of model equations was implemented and numerically solved in Matlab R , using a DAE solver.
Model discretization
Partial differential equations and algebraic constraints have been discretized by finite differences into MZ points (uniformly distributed) along z-direction, starting from z = 0 m (first point) until z = 0.4 m (channel length). Along y-direction, only a few points are considered, depending on the submodel of interest. For variables such as different temperatures levels, no y-direction variation is considered (gas channels temperatures, for instance). However, for variables such as water fluxes or molar fractions, different points along y-direction are studied (middle point of channel, middle point of membrane, membrane boundary to anode side, membrane boundary to cathode side, among others). In the following sections, all the discretized equations and their purpose within the model are presented (k is an index that denotes mesh points).
Gas channels submodel
The gas channel equations allow the calculation of concentration of gases, flow velocities, flow pressure and temperature in the gas channels.
• Mass balances equations
The general equation for mass conservation is discretized as follows:
From these equations, the values of the concentrations c j i,k at each mesh point, but the first, are determined. The boundary condition remains an algebraic equation as follows:
This algebraic equation is used to calculate concentrations at the beginning of the gas channels.
The superscript j is used to denote anode side (A) or cathode side(C).
The subscript i indicates the species index. On anode side, it can be either H 2 or H 2 O. The water component might be present in the case of hydrogen humidification [20] . On cathode side, i can be either O 2 , or N 2 or H 2 O, δ j is gas channel thickness in y-direction ( Fig. 1) ,ṅ j i denote molar flow densities between gas channels and gas diffusion layers,ṅ j i,in denote inlet molar flow densities (inlet flow divided by cross-sectional area of the gas channels [6] ).
• Flow velocity equations Normally, velocity vectors for flow dynamics are determined by the conservation of momentum equations, the so-called Navier-Stokes equations [22] .
Considering a set of assumptions, such as neglecting the acceleration terms, the Navier-Stokes equation can be simplified into a pressure drop relation similar to Darcy's law [22] . Calculation of flow velocities for both anode gas channel and cathode gas channel, using forward differencing is:
Considering boundary condition (M Z is the number of mesh points):
• Flow pressure equations
Ideal gas law is used to calculate flow pressure in the gas channels, and this equation also relates pressure with total gas concentration. This is:
• Energy balance equations Accumulation of energy in the gas channels is:
where energy changes are given by the terms on the right hand side of (6).
The first term describes energy transport in the z-direction due to convective flow. The second term represents heat conduction according to Fourier's law [23] . The third term is heat transfer between solid fuel cell parts at temperature T S and gas channels. The last term describes another type of convective flow from gas channels to the MEA. This is also an enthalpy transport.
The boundary equations, using backward differencing are:
• Temperature equations
In order to calculate temperature in the gas channels, a thermodynamic equation of state is used:
Gas diffusion layers equations
The purpose of the gas diffusion layers (GDL) model is to introduce a mass transport limitation between gas channels and catalyst layers. The The gradient of mole fraction ξ j i is:
The composition inside the GDL ξ j i is:
Finally, the total gas concentration in the GDL follows from:
Catalyst layers equations
The catalyst layers equations are used to determine the values of the mass fluxes at each mesh point.
• Mass fluxes through diffusion layers
Due to model assumptions, hydrogen mass flow from the anode gas channel to catalyst layer is identical to the amount of hydrogen consumed in the
where r A is the rate of the anodic reaction.
The water flow from the anode gas channel to the GDL is passed on to the membrane:ṅ
The oxygen transported from the cathode gas channel is completely consumed in the cathodic reaction O 2 + 4e
Nitrogen flow vanishes , since nitrogen is not a reactant and cannot permeate through the membrane:
Water flow from the cathode is given by the cathode catalyst layer water
• Electrochemistry reactions kinetic rates equations
The reaction rates are modeled by Butler-Volmer equation, which are a current density-potential relations and Faraday's law [20] , which states that current density is proportional to the charge transferred and the consumption of reactant per unit area. For anode reaction, this is [19] :
x exp α2F RT 
Proton exchange membrane (PEM) equations
The membrane which separates the anode from the cathode must serve several functions. It should efficiently conduct protons, while preventing electrons and reactant gasses from crossing, and close the electrical circuit internally by transporting protons from the anode to the cathode. The electrical conductivity of the membrane, strongly depends on membrane humidity. To model this property the simulation model of [18] has been used (j = AM, CM ).
• Water concentration equation
Assuming water is only transported along the y-coordinate, perpendicular to gas flow, the water concentration is derived from the following mass balance:
• Water content
The protonic conductivity of a polymer membrane is strongly dependent on membrane structure and its water content. The water content Λ in membrane is usually expressed as grams of water per gram of polymer dry weight, or as number of water molecules per sulfonic acid groups present in the polymer, Λ = N(H 2 O)/N(SO 3 H). In this case, Λ is defined as the ratio between moles of water in the membrane and moles of polymer in the membrane.
Water content Λ is related to water concentration c M H 2 O by the following relation:
Membrane density and ion exchange capacity are, respectively:
The mole fractions of water protons and protons in the membrane are calculated from:
• Water fluxes through the membrane equations
The water flows through the membrane are assumed to be driven by gradients of chemical potentials of water and protons. This is an electrochemical method developed by [20] , based on electrochemical potential that arises across a membrane sample exposed at each side to different water activities.
Water is dragged from the anode to the cathode by protons moving through the membrane. This is called electroosmotic drag. The gradients of chemical potential are calculated from:
As it was done in the GDLs model, the gradients are approximated by simple difference formulas:
Water contents at membrane boundaries to the anode side Λ AM and cathode side Λ CM depend on the relative humidity in the catalyst layers. As shown in the next chapter, calculation is given by sorption isotherms taken from [18] .
• Electrical current density equations Electrical current through the membrane is related to proton flow by:
• Proton flux equations Similar to the water flux, the proton flux is driven by gradients of electrochemical potentials:
Considering there is no accumulation of protons in the membrane, is calculated as follows. This is a set of equations added to the [6] simulation model.
Solid part energy balance
Similar to the gas channels energy balance, the energy balance for the solid part (SP) is:
where energy changes are given by the terms on the right hand side of 40.
This is mass exchange between gas channels and SP, heat exchange between gas channels and SP, heat exchange between coolant and SP, Fourier heat conduction and electrical work.
The total energy relation is defined as internal energy (enthalpies of the different parts of the MEA) and electrical energy in the double layers. This is:
where:
4.1.6. Conservation of charge equations Current transport is described by a governing equations for conservation of charge [20] . In this model, it is assumed that charge is transported in the direction of the z-coordinate, and through the membrane, in the direction of the y-coordinate. Charge balances are:
Cell current
The total cell current is given by [20] :
In this relation activation polarization losses (energy activation barrier) and ohmic losses (potential drop in the membrane) are considered.
Numerical implementation
The simulation model consists of six submodels that are coupled by internal variables. The GC module models reactant concentrations, flow velocity, pressure and temperature in the gas channels. The GDL module studies diffusion in a multicomponent mix of species. The electrochemical reactions and mass fluxes are modeled in the CL submodel. The membrane module consists of a detailed protonic exchange membrane model [8] . The tool is intended to analyze along-the-channel behavior through time, and design model-based controllers that consider spatial variations. For this purpose the model has to be reduced by means of complex model order reduction techniques. However, as ongoing work, the simulation tool is being migrated to Simulink, to precisely make it suitable to a larger system simulation and test conventional controllers such as FeedForward or PID. This means using the tool as a lumped parameter model, and still being able to study spatial profiles of PEMFC variables. 
Simulation results

In
Steady-state simulation results
The steady-state results of some important variables considered in the model are presented in this section. Heterogeneities of the reactants concentrations observed along the channels (Fig. 2) are of major importance for studying and understanding degradation phenomena such as carbon corrosion [24, 25, 26] , which is highly enhanced by fuel starvation in the anode. Fig. 3 shows the current density profile along the channel (right side). It can be seen that the current (and the reaction rate) is higher close to entrance of gasses, where the reactants have higher concentrations. This figure also shows spatial profiles of the different temperature levels. As can be seen, temperature is higher at the zone of major exothermic reaction rate and the temperature of the gas channels follows the SP temperature. As expected, membrane water content is higher at the end of the z direction and water is transported from both sides of membrane to the catalyst layers due to water generated, electroosmotic drag and water diffusion. This agrees with the results shown in Fig. 2 , where water concentration increases towards the end of the channel on both sides of the membrane. 
Conclusions
A two-dimensional PEMFC simulation tool, suitable for along-the-channel studies, has been developed in Matlab R . The tool is flexible enough to apply order reduction techniques and to be used in model-based control design.
Simulation results show the importance of considering, and therefore, controlling aspects of spatial profiles, especially for PEMFC performance and durability issues. It is the intention of the authors to make the source code publicly available.
